Finite connected cubic symmetric graphs of girth 6 have been classified by K. Kutnar and D. Marušič (J. Combin. Theory Ser. B 99 (2009), 162-184), in particular, each of these graphs has an abelian automorphism group with two orbits on the vertex set. In this paper all cubic symmetric graphs with the latter property are determined. In particular, with the exception of the graphs K 4 , K 3,3 , Q 3 , GP (5, 2), GP (10, 2), F 40 and GP (24, 5), all the obtained graphs are of girth 6.
Introduction
In this paper all graphs are finite, simple and connected. For a graph X, we let V (X), E(X), A(X), and Aut(X) denote the vertex set, the edge set, the arc set, and the full group of automorphisms of X, respectively. For an integer s ≥ 1, by an s-arc of X we mean an ordered (s + 1)-tuple (v 0 , . . . , v s ) of vertices such that v i ∼ v i+1 for every i ∈ {0, . . . , s − 1}, and if s ≥ 2, then v i = v i+2 for every i ∈ {0, . . . , s − 2}. A graph X is called s-regular when Aut(X) is regular on the set of its s-arcs, and it is called symmetric when the group Aut(X) is transitive on A(X).
on the vertex set, given by u x → u xg , v x → v xg , induces an automorphism group with two orbits; the latter group will be denoted also by G. Suppose, in addition, that G is abelian, and there exists some σ ∈ Aut(G) such that a σ = ba −1 and b σ = a −1 . Set X = H(G; a, b), and define the mappings α and β of V (X) by α : u g → u g σ , v g → v g σ a and β : u g → v g −1 , v g → u g −1 .
A direct check shows that both α and β normalize G, and both are automorphisms of X. The group G, α, β is transitive on V (X), and α fixes the vertex u 1 G and permutes the neighbors of u 1 G in the 3-cycle (v 1 G v a v b ). Here and in what follows 1 G will denote the identity element of G. These imply that G, α, β is transitive on A(X), and therefore, X = H(G; a, b) is a symmetric cubic graph.
The main result of this paper is the following theorem: Theorem 1.3. Let X be a finite connected cubic symmetric graph, and G ≤ Aut(X) be an abelian subgroup with two orbits on V (X).
Then one of the following two cases holds: (A) G acts unfaithfully on one of its orbits, and (X, G) is isomorphic to one of the following pairs:
(K 4 , Z 3 ), (K 4 , Z 2 2 ), (K 3,3 , Z 2 3 ), (K 3,3 , Z 2 2 ), (K 3,3 , Z 4 ), (Q 3 , Z 6 ), (Q 3 , Z 3 2 ), (GP (8, 3), Z 12 ).
(B) G acts faithfully on both of its orbits, and either X ∼ = H(G; a, b), G = a, b , a σ = ba −1 and b σ = a −1 for some σ ∈ Aut(G); or (X, G) is isomorphic to one of the following pairs:
2 ), (GP (5, 2), Z 5 ), (GP (8, 3), Z 8 ), (GP (8, 3) , Z 2 × Z 4 ), (GP (10, 2), Z 10 ), (GP (10, 3), Z 10 ), (GP (12, 5) , Z 12 ), (GP (12, 5) , Z 2 ×Z 6 ), (GP (24, 5), Z 24 ), (F 40, Z 2 × Z 10 ). Remark 1.4. We remark that, with the exceptions of the following seven graphs: K 4 , K 3,3 , Q 3 , GP (5, 2), GP (10, 2), F 40, GP (24, 5), every graph in Theorem 1.3 is of girth 6. To see this, we observe first that the Haar graph H(G; a, b) with an abelian group G has the 6-circuit:
and hence the girth of H(G; a, b) is 4 or 6 (the graph is bipartite). Actually, the girth is 6, unless H(G; a, b) ∼ = K 3,3 or Q 3 (it is well-known that K 4 , K 3,3 and Q 3 are the only connected cubic symmetric graphs of girth less then 5). Then we obtain the above seven graphs, after we have checked, simply using [4, Table] , the girth of the remaining graphs in Theorem 1.3. In this paper we shall occasionally need information about cubic symmetric graphs of small order, and for this purpose shall use the catalog [4, Table] .
We prove part (A) of Theorem 1.3 in Section 2, and part (B) in Sections 3-4. For the rest of the paper we keep the following notations:
• X is a connected cubic symmetric graph.
• G ≤ Aut(X) is an abelian group with two orbits on V (X).
• U and V are the orbits of G on V (X).
Proof of part (A)
In this section we consider the case when G is unfaithful on U or V . We start with a simple lemma which will be used in the proof of Theorem 1.3.(A). Given a circuit C of X, we denote by E(C) the set of edges which appear in C.
Lemma 2.1. With notations as above, let F be a subset of E(X), and C be the set of all ℓ-circuits of X for some ℓ ≥ 2. If C is not empty, then
Proof. Since Aut(X) is transitive on the set E(X), the number of ℓ-circuits on a given edge e ∈ E(X) does not depend on the choice of e; let this number be denoted by k. Let us count the pairs (e, C) ∈ E(X)×C for which e ∈ E(C). The standard double-counting gives k · |E(X)| = ℓ · |C|. Now, count those pairs (e, C) ∈ F × C for which e ∈ E(C). Then
and formula (1) holds.
It is well-known that if X has girth at most 4, then X ∼ = K 4 or K 3,3 or Q 3 . These graphs have several abelian automorphism groups with two orbits, and since these groups will appear throughout the paper, we have recorded them, up to conjugacy, in Table 1 . In this table N denotes the largest normal subgroup of Aut(X) contained in G, and m denotes the number of complete matchings between the two orbits of G provided that these are of the same length.
Proof of Theorem 1.3.(A). If X has girth at most 4, then the first seven pairs in Theorem 1.3.(A) follow by Table 1 . For the rest of the proof let the girth of X be larger than 4. Suppose that G acts unfaithfully on U, and let G U be the kernel of G acting on U, i.e., G U = {g ∈ G : ug = u for every u ∈ U}. Let g ∈ G U and v ∈ V such that vg = v. If v ∼ u 1 and v ∼ u 2 for distinct vertices u 1 , u 2 ∈ U, then vg ∼ u i g = u i for i = 1, 2, and hence v ∼ u 1 ∼ vg ∼ u 2 ∼ v. This is impossible as the girth is larger
YES 4, 4 3 Table 1 : Abelian subgroups G ≤ Aut(X) with two orbits on V (X).
than 4. Using also that U, V are orbits of G and that X is connected, this gives that every vertex in V has exactly one neighbor in U. Now, if G acts unfaithfully also on V, then the same argument yields that any vertex in U has exactly one neighbor in V . Therefore, if g ∈ G U , then g fixes pointwise V . This, however, contradicts that G U is non-trivial. We conclude that G acts faithfully on V . Fix a vertex v ∈ V . Since G is faithful on V , it is regular on V , and we may write V = {vg : g ∈ G}, where vg = vg
denote the subgraph of X induced by V . This graph is regular of degree 2, hence there exists a ∈ G such that
As the girth is at least 5, we see that the order of a is at least 5. In what follows the order of a will be denoted by |a|.
Since G is transitive on V and commutes with G U , G U is semiregular on V . Then every orbit of G U has length |G U |. For a vertex vg ∈ V, denote by Orb G U (vg) the orbit of vg under G U . There is a unique vertex u ∈ U such that u ∼ w for every w ∈ Orb G U (vg). Thus |G U | = | Orb G U (vg)| ≤ 3, and so |G U | = 2 or 3. We set b for a generator of G U . Since v ∼ va, Orb G U (v) = Orb G U (va). Thus there exist u 1 , u 2 ∈ U, u 1 = u 2 , such that we have the 6-circuit:
Since no edge lies in U and X is connected, the group a, b is transitive on V . Using also that G is regular on V , we obtain that G = a, b . Also, |V | = |G|, |U| = |G|, and |E(X)| = 2|G|. Apply Lemma 2.1 with F = E(X[V ]) and ℓ = 6. As a result, there exists a 6-circuit (2)). Thus C ′ lies entirely in V, or shares exactly one vertex with U.
In the former case |a| = 6, |G| ∈ {6, 18}, and |V (X)| ∈ {8, 24} (recall that |b| = |G U | = 3). By [4, Table] , X ∼ = Q 3 or GP (12, 5) . Each of these graphs, however, is impossible. In fact, Q 3 has girth 4, and GP (12, 5) has no abelian automorphism group with two orbits on the vertex set and in the same time acting unfaithfully on one of these orbits (this we found by the help of the computer package Magma [2] ).
In the latter case C ′ can be written as
where u ∈ U. Since u ∼ v, ua 4 ∼ va 4 also holds. As va 4 has exactly one neighbor in U, ua 4 = u, and so a 4 ∈ G U . Recall that the order |a| ≥ 5. Since also |G U | = 3 and G = G U , a , we finally get G = a , |G| = 12, and so X ∼ = GP (8, 3). We compute by Magma that this is indeed possible, G ∼ = Z 12 , and it has two orbits of lengths 4 and 12 respectively.
In this case |V | = |G|, |U| = |G|. In particular, |G| is divisible by 4. Notice that, X[U] consists of a 1-factor, and G acts transitively, hence regularly, on the edges of
The connectedness of X implies that H, a is transitive on V, and hence G = H, a .
Apply Lemma 2.1 with
) and ℓ = 6. As a result, there exists a 6-circuit
There are three possibilities for C ′ : it lies entirely in V, or shares exactly one vertex with U, or shares exactly two adjacent vertices with U.
In the first case |a| = 6, and thus Table] , X ∼ = F18 (the Pappus graph). This case we exclude by Magma, F18 has no abelian automorphism group with two orbits on the vertex set and in the same time acting unfaithfully on one of these orbits.
In the second case C ′ can be written as
where u ∈ U. Reasoning as in the previous case, we get that a 4 ∈ G U . Since |G U | = 2 and |a| ≥ 5, |a| = 8 and H ∩ a = G U . Then |G| = 16, |V (X)| = 24, and so X ∼ = GP (12, 5) . This graph was already excluded.
Finally, in the third case C ′ can be written as
where u 1 , u 2 ∈ U. Then u 2 a 3 ∼ va 3 , and hence u 2 a 3 = u 1 . Thus the edge {u 1 a 3 , u 2 a 3 } must be equal to the edge {u 1 , u 2 }, showing that u 1 a 3 = u 2 , and a 3 ∈ H. As |a| ≥ 5 and H ∼ = Z 2 2 , we see that |a| = 6, |G| = 12, |V (X)| = 18, and so X ∼ = F18. This was already excluded.
Bipartite graphs
In this section we turn to the case when G is faithful on both U and V . Till the end of Section 4 let us fix vertices u ∈ U and v ∈ V such that {u, v} ∈ E(X). Then U = {ug : g ∈ G} and V = {vg : g ∈ G}.
Also, ug = ug ′ and vg = vg ′ whenever g = g ′ .
The goal of this section is to derive the following theorem:
Theorem 3.1. Suppose that G acts faithfully on both U and V, and X is a bipartite graph with color classes U and
The proof of Theorem 3.1 will be given in the end of the section. For this section X will be assumed to be bipartite with color classes U and V . Then there exist a, b ∈ G suh that
Then G = a, b by the connectedness of X. In fact, X is isomorphic to the Haar graph H(G; a, b) defined in Example 1.2.
Let N ≤ G. The orbit of ug ∈ U (vg ∈ V, respectively) under N will be written as uNg (vNg, respectively). Suppose, in addition, that N = G and N ⊳ Aut(X). Then the orbits of N (N-orbits for short) form a system of imprimitivity for the permutation group Aut(X). Let K be the kernel of the action of Aut(X) on the set of orbits of N, i.e., K = {g ∈ Aut(X) : Og = O for every N-orbit O}. It is clear that N ≤ K, and that K has the same orbits as N. For a vertex w, denote by K w the stabilizer of w in K. Using that X is cubic and N = G, we obtain that if w ′ ∼ w, then w and w ′ belong to different N-orbits. This implies that K w fixes every neighbor of w. Combining this with the connectedness of X it follows in turn that, |K w | = 1, |K| ≤ |N|, and so K = N.
For g ∈ Aut(X), let g denote the permutation of the set of N-orbits induced by g, and for a subgroup H ≤ Aut(X), let H = {g : g ∈ H}. Then H ∼ = H/(H ∩ K), and since K = N, the following isomorphisms holds:
In the sequel we shall consider the factor graph X/N defined as follows: the vertices are the N-orbits, i.e.,
and two orbits O and O ′ are adjacent if and only if there exist w ∈ O and w ′ ∈ O ′ such that w ∼ w ′ in X. It is not hard to see that X/N is a connected and cubic graph, the elements in Aut(X) act as automorphisms of X/N, and Aut(X) is transitive on E(X/N) (compare these also with the previous paragraph). Obviously, G ≤ Aut(X) and (5) gives that G ∼ = GN/N = G/N. In what follows we write G/N for the permutation group G.
In the next lemma we choose N to be the core of G in Aut(X), i.e., N is the largest normal subgroup of Aut(X) contained in G. 
, and therefore, MN/N Aut(X)/N, see (5) . This gives that MN Aut(X). As MN ≤ G and N is the core of G in Aut(X), MN = N, and M is trivial. We conclude that G = G/N has trivial core in Aut(X/N). Using also that G/N is abelian with two orbits on V (X/N) given in (6), it is sufficient to prove Lemma 3.2 for the particular case when N is trivial. By Tutte's Theorem (see the introduction), X is s-regular for some s ≤ 5. Thus | Aut(X)| = |V (X)
Moreover, equality holds above if and only if A ∼ = Z 2 × Z m 3 . Let s = 1. Then G ≤ S 5 , and thus |G| ≤ 6 . Then |V (X)| ≤ 12, however, no graph in [4, Table] with less than 13 vertices is 1-regular. Observe next that X has the 6-circuit:
Since X is bipartite, its girth is 4 or 6. If the girth is 4, then (X, Table 1 . For the rest of the proof let the girth be equal to 6. Let s = 2. Then G ≤ S 11 , G = a, b , where a, b are defined in (4), and hence |G| < 54 follows from (7) and the remark afterward. Then |V (X)| < 108, and by [4, Table] , |V (X)| ∈ {16, 24, 32, 50, 54, 72, 96, 104}. Each of these numbers can be excluded by the help of Magma.
Finally, let s > 2. Since X has girth 6, it follows by [5, Theorem 2.3] that, X ∼ = F14 or F18 or GP (10, 3) . A direct computer check shows that (X, G) ∼ = (F14, Z 7 ).
In our next proof we make use of properties of voltage graphs. We review next the relevant definitions and notations (for more details, we refer to [13] ). Let Y be a finite simple graph and K be a finite group. For an arc x = (w, w ′ ) ∈ A(Y ) we set
The values of ζ are called voltages and K is called the voltage group. Voltages are naturally extended to directed walks W : w 1 ∼ w 2 ∼ · · · ∼ w n by letting
Fix a spanning tree T of Y . Then every edge not in E(T ) together with the edges in E(T ) span a unique circuit of Y, and we shall refer to the circuits obtained in this manner as the base circuits of Y relative to T . The K-voltage assignment ζ is called T -reduced if ζ(x) = 1 K whenever x is an arc in T .
The voltage graph Y × ζ K is defined to have vertex set V (Y ) × K, and edge set
The voltage group K induces an automorphism group of Y × ζ K through the action k right : (w, l) → (w, lk), w ∈ V (Y ) and k, l ∈ K. We set K right = {k right : k ∈ K}. Let g ∈ Aut(Y × ζ K) such that it normalizes K right . This implies that, if (w, k) ∈ V (Y × ζ K) and (w, k)g = (w ′ , k ′ ), then w ′ does not depend on the choice of k ∈ K, and the mapping w → w ′ is a well-defined permutation of V ( 
Proof. Recall that G = a, b , where a and b are defined in (4). We may assume that Na is a generator of G/N. It is not hard to see that Nb = N and Nb = Na, hence Nb = Na t for some t ∈ {2, 3}. Also, there exist n 1 , n 2 ∈ N such that a 4 = n 1 and b = n 2 a t . Since G = a, b , N = n 1 , n 2 . Here we consider only the case that t = 2 (the case that t = 3 can be treated in the same manner).
We proceed by defining a N-voltage assignment of the factor graph X/N (in fact, the cube Q 3 ). By (6),
We depict X/N in Figure 1 , where also specify a spanning tree T by the dotted edges, and a T -reduced N-voltage assignment ζ : A(X/N) → N. We claim that X/N × ζ N ∼ = X. For an easier notation, set X = X/N × ζ N. Then V ( X) = V (X/N) × N. In fact, we are going to show that the mapping f :
is an isomorphism from X to X. Let g ∈ G. Then g factors as g = ma j , m ∈ N, j ∈ {0, 1, 2, 3}, define the permutation 
Notice that, actually, g = f gf −1 holds for every g ∈ G. This gives that G = f Gf −1 . We are going to show at first that g is an automorphism of X. The statement follows quickly if g = n ∈ N because then n = n right . Since G = N, a , it is enough to show that a ∈ Aut( X). Let w 1 and w 2 be two adjacent vertices of X. By definition (8), we may write w 1 = (uNa i 1 , n) and w 2 = (vNa
is an arc of X/N, and ζ is defined in Figure 1 . We derive below that w 1 a ∼ w 2 a: Let i 1 < 3 and i 2 < 3, or i 1 = i 2 = 3. Then ζ (uNa i 1 +1 , vNa i 2 +1 ) = ζ(x). Set ε = 0 if i 1 < 3 and i 2 < 3, and ε = 1 if i 1 = i 2 = 3. Then the statement follows as
, and
Finally, if i 1 = 3 and i 2 < 3, then ζ (uNa
Set G = { g : g ∈ G} ≤ Aut( X). It can be seen that G has two orbits on V ( X) induced by the vertices (uN, 1 N ) and (vN, 1 N ) respectively. Let N X ((uN, 1 N ) ) denote the neighborhood of (uN, 1 N ) in X. Then
The above set is mapped by f to the set {v, va, vn 2 a 2 }, and since b = n 2 a 2 , this is equal to the neighborhood of u in the graph X. Also, as f maps (uN, 1 N ) to u, we obtain that, for any edge e ∈ E( X) such that e is incident with (uN, 1 N ) , ef will be an edge of X (here ef denotes the image of e under the mapping f ). We derive that f is an isomorphism by showing that the same holds for any edge e ∈ E( X). Observe that, there exists a suitable g ∈ G so that e g is incident with (Nu, 1 N ) , put e ′ = e g. Then
showing that ef is indeed an edge of X.
f Aut(X)f −1 = Aut( X). As f Nf −1 = N = N right , we see that every g ∈ Aut( X) has a projectiong. Let us denote by P the projection of Aut( X), i.e., P = {g : g ∈ Aut( X)}. In particular, the projection of G is generated by the 4-cycle α = (uN uNa uNa 2 uNa 3 )(vN vNa vNa 2 vNa 3 ), hence α ∈ P . Using also that P is transitive on E(X/N), we compute by Magma that P = Aut(X/N). Thus for the automorphism β = (uNa 2 uNa 3 )(vNa vNa 2 ) of X/N, β lifts to an automorphism of X.
We apply Theorem 3.3 to X = X/N × ζ N with σ = β and the following directed base circuits relative to T :
Let σ * be the automorphism of N given in Theorem 3.
. Also, ζ(C ′′ ) = n 1 n 2 and ζ(C ′′ β) = 1 N , hence σ * (n 1 n 2 ) = 1 N , and so n 1 n 2 = 1 N . Finally, n 1 = n 2 , n 2 1 = 1 N , and so |N| = 2. Thus X ∼ = GP (8, 3), and we compute by Magma that G ∼ = Z 8 .
Proof of Theorem 3.1. As noted before, X ∼ = H (G; a, b) , where a, b ∈ G are defined in (4) . We are going show the following property: if X ∼ = Q 3 nor GP (8, 3), then there exists a subgroup H ≤ Aut(X) such that H is transitive on E(X) and G H.
Let N be the core of G in Aut(X). If N = G, then (9) holds by letting H = Aut(X). Let N < G. By Lemmas 3.2 and 3.4, (X/N, G/N) ∼ = (K 3,3 , Z 3 ) or (F14, Z 7 ). Using that Aut(X) is transitive on E(X/N), we obtain by Magma that in either case Aut(X) contains a subgroup K such that K is transitive on E(X/N) and G K. Now, (9) holds by letting H to be the subgroup H ≤ Aut(X) for which G ≤ H and H = K.
Let H u denote the stabilizer of u in H. The orbit of v under H u is equal to {v, va, vb}, thus there exists an element α ∈ H u which acts on this orbit as a 3-cycle. We may write that vα = va, (va)α = vb and (vb)α = v. As α normalizes G and sends u to u and v to va, there exists an automorphism σ ∈ Aut(G) such that α acts on V (X) as α : ug → ug σ and vg → v(g σ a). 
The orbits U and V are as defined in (3), and as for the edges, there exist a, b, c ∈ G such that E(X) = {ug, uga}, {vg, vgb}, {ug, vg}, {ug, vgc} : g ∈ G .
(10)
Clearly, a and b are involutions, and it can be easily shown that G = a, b, c .
Proof. Similarly to the proof of Lemma 3.2, it is sufficient to prove the lemma for the case when N is trivial. If X has girth at most 4, then (X,
2 ), see Table 1 . Let the girth of X be larger than 4. Then a = b, for otherwise, we have the 4-circuit:
Otherwise, c must be of even order, say 2n, and c n ∈ a, b . We may assume without loss of generality that c n = a, and thus
By Tutte's Theorem X is s-regular for some s ≤ 5. Reasoning as in the proof of Lemma 3.2, we see that G is embedded into S 3·2 s −1 , and we write G ≤ S 3·2 s −1 . If s = 1, then Z 2 × Z 2 ≤ G ≤ S 5 , from which it follows at once that |G| = 4, and X ∼ = Q 3 , which is excluded as the girth of X is larger than 4.
Let s = 2. Then G ≤ S 11 , and thus n ≤ 13 by (7) . A direct computer check shows that if G is given as in (11) and n ≤ 13, then X is not edge-transitive. Furthermore, if G is given as in (12) and n ≤ 13, then X is edge-transitive in two cases: n = 2 or 3, and b = ac n . The corresponding graphs are GP (8, 3) and GP (12, 5) respectively, however, then the core of G in the full automorphism group has order 2 and 3 respectively. Let s ≥ 3. By the previous paragraph we may assume that n > 13. The graph X has the 8-circuit:
Thus X must have an 8-circuit starting with the 3-arc u ∼ vc ∼ uc ∼ vc 2 , too. Let us write such an 8-circuit in the form:
. . , 4} and j, k ∈ {0, 1}.
Since u ∼ x ′′′ η and x ′′′′ η = vc, η ∈ {1 G , a}.
This implies that i = 0, for otherwise, the order of c is at most 8, hence n ≤ 8 (see (11) and (12)), which contradicts the assumption that n > 13. It is easy to see that i = 0 happens only in one case:
Then, however, η = b, contradicting that η ∈ {1 G , a} and a = b.
Proof of Theorem 4.2. Let N be the core of G in Aut(X). If N is trivial, then X and G are determined in Lemma 4.3. For the rest of the proof let N be non-trivial. We proceed by the two cases of Lemma 4.3.
It is easily seen that none of a, b and c is in N, and hence G = N × a , b = n 1 a, and c = n 2 a for some n 1 , n 2 ∈ N. Since G = a, b, c , N = n 1 , n 2 . Also, since a = b are involutions, n 1 is an involution.
Assume for the moment that N is not a 2-group, and let p be an odd prime divisor of |N|. Then the subgroup M = n 1 , n p 2 is the unique subgroup in N of index p, hence it is characteristic in N. Using also that N Aut(X), we obtain that M Aut(X). The quotient graph X/M is a connected cubic symmetric graph on 4p points. Also, G/M is an abelian subgroup of Aut(X/M) with two orbits such that there are two matchings between these orbits. Since X has 4p points, it was proved in [9, Theorem 6.2] that X ∼ = Q 3 or GP (8, 3) or GP (10, 3) or GP (10, 5) or F 28 (the Coxeter graph). However, we compute by Magma that none of these graphs have an abelian automorphism group with two orbits of equal lengths and in the same time there are two matchings between the orbits, and therefore, N must be a 2-group. Recall that N = n 1 , n 2 and n 1 is involution. Let |N| = 2 t , and assume for the moment that |N| ≥ 8. Then there is a characteristic subgroup M ≤ N with |N : M| = 8. This can be seen at once if |N| = 8 or N is cyclic; while when none of these holds, then N ∼ = Z 2 × Z 2 t−1 for t ≥ 4, and M is the unique subgroup isomorphic to Z 2 × Z 2 t−3 . Since M is characteristic in N and N Aut(X), M Aut(X), and the quotient graph X/M is a connected cubic symmetric graph on 32 points. By [4, Table] , X/M ∼ = F32 (the Dyck graph). This graph, however, has no abelian automorphism group with two orbits of equal lengths and in the same time there are two matchings between the orbits. We conclude that |N| = 2 or N = |4|. If |N| = 2, then X ∼ = Q 3 , and G ∼ = Z 2 2 , see Table 1 . If |N| = 4, then X ∼ = GP (8, 3), and we compute by Magma that G ∼ = Z 2 × Z 4 , and N ∼ = Z 4 .
Case 2. X/N ∼ = Q 3 and G/N ∼ = Z and define the mapping f : V ( X) → V (X) by f : (uNx, n) → unx and (vNx, n) → vnx, x ∈ {1 G , a, b, ab}.
Reasoning as in the proof of Lemma 3.4, we obtain that f is an isomorphism from X to X, and also that Aut( X) projects to a subgroup of Aut(X/N) which is transitive on E(X/N). Thus for the automorphism α = (uNa vNab vN) vNa uNab vNb) of X/N, α lifts to an automorphism of X.
We apply Theorem 3.3 to X = X/N × ζ N with σ = α and the following directed base circuits relative to T :
Let σ * be the automorphism of N given in Theorem 3.3. Since ζ(C) = ζ(C ′ ) = n 1 , ζ(Cα) = σ * (n 1 ) = ζ(C ′ α), which gives n −2 1 = n 1 . Thus |N| = 3, |V (X)| = 24, X ∼ = GP (12, 5), and we compute by Magma that G ∼ = Z 2 × Z 6 and N ∼ = Z 3 .
